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Abstract — The stability of the interface separating two immiscible incompressible fluids of different densities and viscosities is considered in the case of
fluids filling a cavity which performs horizontal harmonic oscillations. There exists a simple basic state which corresponds to the unpertiaded inter
and plane-parallel unsteady counter flows; the properties of this state are examined. A linear stability problem for the interface is formulkted and s

for both (a) inviscid and (b) viscous fluids. A transformation is found which reduces the linear stability problem under the inviscid approximation to
the Mathieu equation. The parametric resonant regions of instability associated with the intensification of capillary-gravity waves atdbeamaterfa
examined and the results are compared to those found in the viscous case in a fully numerical invesfig&@@shEditions scientifiques et médicales
Elsevier SAS

horizontal harmonic oscillation / inviscid fluid / viscous fluid

1. Introduction

Vibration is a factor of a significant influence on processes involving fluids (liquids or gases) with non-
uniform density. In fact, a non-uniform inertial field (in the cavity frame) appears in such fluids subject to
vibration, and can influence heat and mass transfers. The density non-uniformity might be caused by different
factors, including (i) temperature and/or concentration gradients, (ii) presence of interfaces and/or free surfaces,
(i) presence of inclusions, etc. In the present paper, we consider an interface between two liquid layers subject
to horizontal harmonic vibrations, of amplitudeand frequencyy.

It is known that vertical vibrations can lead both to the parametric excitation of waves at the interface and
to the suppression of the Rayleigh—Taylor instability [1-4], while the effects due to horizontal vibrations have
been studied less. In experimental works by Wolf [5] and Bezdeneznykh et al. [6] for a long horizontal reservoir
filled with two immiscible viscous fluids, an interesting phenomenon was found at the interface: the horizontal
vibrations lead to the formation of a steady relief. This formation mechanism has a threshold nature; it is
noteworthy that such a wavy relief appears on the interface only if the densities of the two fluids are close
enough, i.e. it does not appear for the liquid/gas interface (free surface). The interface is absolutely unstable
if the heavier fluid occupies the upper layer; i.e. the horizontal vibration does not prevent the evolution of
the Rayleigh—Taylor instability, in contrast to vertical vibration which under certain conditions suppresses its
evolution. A theoretical description of this phenomenon was provided by Lyubimov and Cherepanov [7] within
the framework of a high frequency (of the vibration) approximation and an averaging procedure; they found
that a horizontal vibration leads to a quasi-equilibrium state, i.e. a state where the mean motion is absent but the
interface oscillates with a small amplitude (of the order of magnitude of the cavity displacement) with respect
to the steady relief. In particular, they found that the relief (in the case of a heavy fluid occupying the bottom
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layer) with finite wavelength is not possible for any fluid layer thickness. In fact, a relief with finite wavelength
arises only for considerably thick layers of height [3«/(g(p1— p2))1?, wherew is the coefficient of surface
tension,p; and p, are the densities of lower and upper layer, respectiveig;the gravity acceleration. In the
approach [7], two parameters were assumed to be asymptotically small simultaneously: (i) the dimensionless
thickness of the viscous skin-layets= 7~1,/v/w, v being the kinematic viscosity and (ii) the dimensionless
amplitude of the vibratiors = a/h. But in the limiting cases — 0, the possibility of the description of the
parametric resonant effects is absent and only the basic instability mode (of Kelvin—-Helmholtz type, for two
counter flows) remains.

In the present investigation, the conditionr> 0 is dropped and the vibration frequency is not assumed to be
high, so the averaging method [7] could no longer be applied.

The instability of an interface between two time-dependent counter flows was considered in [8] for infinitely
deep layers. This is a limiting case compared to the situation considered in the present paper. But, as will be
shown in Section 3, for layers of finite thicknesses there arise qualitatively new phenomena which do not occur
for infinitely deep layers. In addition, the study in [8] was carried out for inviscid liquids, while the influence
of viscosity is analyzed in Section 4 of the present paper.

The contents of our paper are as follows. In Section 3, the resonant effects are studied in thé ea<k pé.
when the thickness of the viscous skin-layer is much smaller than all the characteristic lengths. Alternatively,
the period of the vibration is assumed to be small in comparison with the viscous damping time but comparable
to the capillary-gravity time. The conditioh— 0 means that, in the equations of motion, the viscous terms are
omitted, i.e. the problem is considered under the inviscid approximation.

In Section 4, the 2D linear stability problem is set up for viscous fluids. The problem of neutral stability is
reduced to the analysis of two systems of first order ordinary differential equations (in space) for the disturbance
amplitudes, with boundary conditions imposed on the rigid walls and on the interface. These boundary values
problems (BVP’s) are solved by using a numerical integration. The numerical results are presented in Section 5.

For readers interested in resonant surface waves, we can mention a study by Ockendon and Ockendon [9]
which concerns a single layer with a free surface in a container subject to small amplitude oscillations,
horizontal or vertical, and a more recent work by Ockendon and Ockendon [10] on multi-mode resonances
in fluids (the sloshing of liquid in a horizontally oscillating, rectangular tank). The problem that we consider
here is different. It concerns a two-layer system in a long cavity where oscillations generate a basic flow (plane-
parallel unsteady counter flow) and we are interested in the stability of such a basic state.

2. Problem formulation

Let us consider the system of two immiscible, incompressible, liquids filling a rectangular cavity of length
and heighti. In the state of rest the heavy liquid (of density) occupies the bottom region of height, and
the light liquid (of densityp,)—the upper region of heiglit, (h = h1 + h,). We choose a Cartesian coordinate
system in such a way that the y-axes lie in the horizontal plane, theaxis is directed vertically; = 0
corresponds to the unperturbed interface. Let the cavity perform a harmonic oscillation alangxise with
amplitudea and frequencyw, and lety be the unit vector along the-axis, and;j along the vibration axis
(figure J).

The vibration of each vertical endwall generates a wave on the interface. This wave propagates from to the
central part of the cavity; but, if the viscosities of the liquids are not too small, itis damped over relatively short
distances from the endwall. For example, for transformer oil and glycerine in the earth’s gravitational field and
angular frequencies of the vibration of the order of magnitude 100 Hz, the damping lgngtbf the order
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Figure 1. Configuration of the problem.

of magnitude of 1 mm. In the following, we consider a long enough cavity for which the conditipri, is

satisfied and we consider only the central part of this cavity, far away from the endwalls, where the interface
waves generated near the endwalls are damped. Therefore in the basic state the interface will be considered as
planar and horizontal.

However, the liquid in the central part of the cavity cannot stay at rest, and the velocities of the liquid motion
in the bottom and upper layers must be different. Indeed, since the densities of both liquids are different, then
the pressure gradients would be different if the velocities in both layers were equal. This would contradict the
normal stress balance condition at the interface. The only exception might be the case of liquids which stay at
rest in the laboratory reference frame, but such a situation is impossible due to the incompressibility condition.
To prove this, let us consider the cross-section of the cavity by the vertical glan§_ + S_, attached to
the cavity {igure 1). Then, the liquid volumé&/ = V,_ + V, to the right (for example) of the cross-section
is constant by virtue of the incompressibility. At the same time, the volume of each liquid cannot be constant
because the interface is not at rest near the vertical endwalls; a time-dependent sloshing motion is generated
there. This means that in the cavity frame, at each instant, there is an exact balance of the displaced volume of
both liquids througts, i.e.

& h2
Vx: / vy, dz = —/ vy dz, (1)
—hy &

where¢ is the vertical coordinate of the interface.

In summary, we expect that the sloshing motion generated near the vertical endwalls will induce a long range
circulation in such a long cavity. The condition (1) must be satisfied for such a basic state. We assume that the
interface waves associated to the sloshing motion near the endwalls do not penetrate into the central part of the
cavity, due to viscous damping. According to the above discussion we will use the approximation of infinite
horizontal layers.

As is obvious from (1), the basic flow is of counter-flow type, so we expect the Kelvin—-Helmholtz instability,
while the periodic character of the flow allows us to expect parametric resonance effects as well. The inviscid
case is studied in Section 3, and the viscous case in Section 4.2.

In the cavity frame, time-dependent inertia forces should be accounted for, i.e.
—gV — —g¥ +aw?j coswt.
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Thus, the full Navier—Stokes equations become

v . 1 - - -
8—f+(vﬁV)vﬁ=—p—Vpﬁ+vﬁAvﬁ—gy + aw?j coswt (2
B

and the continuity equations for the two layers are
divig =0, ®3)

where the subscrip8 = 1, 2 refers to the lower and upper layers, respectively, the other notation being
conventional.

No-slip boundary conditions for the velocity are imposed on the rigid walls of the cavity:
atz=—h1y. v1=0, (4a)
atz=hy 1,=0, (4b)
while on the interface = £(x, y, t), the following conditions are satisfied:
— stress balance

(p1— paIni = (05 — o )ng + an; divii; (5)
— velocity continuity
U1 = Up; (6)
— kinematic condition
& | - .-
o V) =117 (7)

In (5)—(7),« is the surface tension coefficient"’ are the viscous stress tensors:

o® — vsi vk
ik Xy ax;

The integral condition of balance of the displaced volume of both liquids is

§ o ha R
Vx: / 51-jdz+/ vp- jdz =0. (8)
—h1 5

3. Inviscid approximation

After omitting the viscous term, the Navier—Stokes equations (2) become
dvg

Lo 1 . .
B + (Vg V)vg = —p—Vpﬂ — gy 4 aw?j coswt. 9
B

The continuity equations remain unaltered:
divig =0. (10)
The impermeability boundary conditions are imposed on the rigid walls instead of the no-slip conditions:
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atz =—hy: 171 -y =0, (11)

(12)

X

- —

atz=hy. vy

Il
©

At the interfacez = £(x, y, t) the following conditions are imposed:
— normal stress balance

p1— p2=adivn; (13)
— continuity of normal components of velocity
171-ﬁ=172-ﬁ; (14)
— kinematic condition

0 - o o
a_f + (W1V)E =01 y. (15)
The condition (8) for the balance of the displaced volumes remains unaltered.

The problem (9)—(15), (8) admits a solution of the form

\7ﬂ = Uﬂfsina)t, (16)
where
ha(p1 — . hi(p1 — .
UlzawM =aU; and U2=—aa)M =al,. a7
hip2 + hap1 hip2 + hap1
The corresponding pressure field is given by the expression
hi+ ho
2
= —ppg7 + aw’ p1pp——————x COSwt. 18
br b8 Y2 h1pa + hapa (18)

The above solution corresponds to a plane-parallel, unsteady, counter flow which keeps the interface flat
(¢ = 0). Note that in the case of equal densiti®g,and V, tend to zero, i.e. both fluids stay at rest in the
cavity frame. In the casg, < pi, the lower fluid stays at rest in the laboratory frarbg £ aw).

Thus, in the inviscid case we deal with the stability problem for the interface between two counter flows,
and the difference between the flow velocities is a periodic function of time. A similar problem was studied
in [8]. Our formulation differs from it, in that we consider two layers of finite heights. This difference is
significant for disturbances of wavelength comparable to the layer heights, or greater. Similarly to [8], the
linear stability problem could be reduced to an ordinary differential equation for the ampfitudef the
interface displacement from its quasi-equilibrium horizontal position:

dZS d& .
Fi1+ Fo)— + 2ik— (FL U1 + FoU») Sinwt
(l+2)dt2+ldt(ll+22) w
+&(ak®+ (p1 — p2) gk + i (FLU1L + FaUp)kw coswt — k?(FLUZ + FoU3) sirfwt) =0, (19)

with F; = p;coth(khy) and F, = pycoth(khy). In (19), k is the wavenumber of the disturbances, which
determines the periodicity of the solution along the vibration axis. It is straightforward to show that the
stability problem admits the analogue of Squire’s theorem [11]. This allows us to restrict ourselves to 2D-plane
disturbances. Note that &s, 71, — oo, our equation (19) transforms into the equation (3.8) of [8].
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It is convenient to eliminate from (19) the term which contains the first order derivati§eTo do so, we
make the change of variable [12]
E) =Y (D), (20)
where
_ k Ui+ F2U;
o F+F

(since® is real, thent andY are equal via a modulus, i.e.andY are equivalent from the point of view of
stability). This results in the standard Mathieu equationifor

coswt (21)

d2

7 +(A—Qcost)Y = (22)

The equation (22) is in dimensionless form, with the following reference quantities for time and length:

t*=1o and I*=Il.=|a/(g(p1— pz))}l/z,

wherel. is the capillary length, and with the following notation:

_4B,k*  pcothkHy) cothkHy)  (Hy+ Hp)*(p — 1)?
~ Wex (pcoth(kHy) + coth(kH))?  (Hy+ Hzp)?
k(14 k2 -1
PGy p . (24)
Wey  pcoth(k Hy) + coth(k Hy)

In formulas (23) and (24)We; = w?l./g is the Weber number based on the capillary lengths p1/p; is
the density ratio,H; = h1/1. and H, = h,/I. are dimensionless layer thicknesses. We also introduced the
dimensionless parametst,, characterizing the vibration intensity:

B, — (,01 /02)
4 gu

The solutions of the equation (22), which correspond to the neutral boundary, form two clasdesving
period 2r (harmonic disturbances) and , having periodr (subharmonic disturbances). The solutions of
subharmonic type are antiperiodic, that means that they change sign for a shiftNufte that, from (20)
and (21), the functiore_(z) is not antiperiodic. For a shift equal to the vibration period, both types of
solutions are invariant, and in this sense they are harmonic. For a shifttlé solutionsté_(¢) transform
like &_(t + m) = —&*(¢) (if Y is chosen real, that is always possiblestands for complex conjugate). At the
same time& . (t + ) = & (¢). The co-existence of the two classes of critical disturbances is associated with the
invariance of equation (19) with respect to a shift of half a vibration period and complex conjugate.

We plot the boundaries of the instability regions (obtained by numerical integration of the Mathieu
equation (22)) in terms of the two parameteksandk. The neutral curves shownfigures 2and3 correspond
to Weber numbers t# e, = 10 andWe, = 100 (for H, = H, = 1, andp = 2) respectively.

The left curve in these figures (féf; = H, = 1) bounds the Kelvin—Helmholtz instability region, where the
most dangerous are longwave disturbances with0. The caséVe; — oo with finite heights of the layers
was investigated in [7]; foH, = H>, |t was found that the transition from the longwave instability to the finite
wavelength instability occurs &, = H, = H, = /3. It is not difficult to analyse the longwave instability for

(23)
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Figure 2. Neutral stability diagram (inviscid case), ftfeq = 10. Unstable tongues touch theaxis at pointst,. The tongues become narroweras
increases. The tongues shift towards the shortwave region as the vibration frequency incredgpsdee

finite We;. Indeed, for smalk, Q andA are small too, and can be expanded in power serigsTine result is
that for H < H, the longwave instability takes place at any valuedaf, but for H > H, it occurs only for

3 H p-1

WeasWe =gz et

(25)

For completeness, ifigures 4and 5 we present the boundary of the primary instability region (K.H.) for
different thicknesses of fluid layers. The other parameterspate?2, We; = 1. The neutral curve shown

in figure 4 corresponds taH = H, = H, = 2 > H, and we observe finite wavelength instability, because
here Wey, = 0.25 violates (25). The effect off is shown infigure 5where this last resultfigure 5(a) is
compared to the boundary curves obtained b= 5 and H = 25 (figures 5(b)and 5(c), respectively) for
which Weq, = 0.028 and 0005, respectively; both violate (25). The present results are consistent with [8] who
investigated the casé# — oo for large values oWe;. For this case (in our notation) the critical valueRfis

given by the expression

14K p+1
Tk opp—1
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Figure 3. Neutral stability diagram (inviscid case), féfeq; = 100. The comparison of this arigjure 2reveals that the influence of changes in the
vibration frequency on Kelvin—Helmholtz instability is very small.

This instability mechanism is, in fact, the same as in the standard case of Kelvin—Helmholtz instability:
the velocity grows and the pressure falls over the elevations of the interface. The consequence of this is the
reduction of the effective stiffness of the system and the rise of the instability beyond some threshold. As
shown in [7], in the case of high frequency vibration, the nonlinear development of such an instability results
in the formation of a quasi-stationary wave relief on the interface.

However, periodic changes of the velocity can result not only in the average effect, but in the resonance
amplification of eigen-oscillations. In the absence of dissipation, the eigen-oscillations are not damped, and
the instability will occur at an infinitely small vibration amplitude (if the synchronism condition is satisfied).

In figures 2and 3 the regions of parametric instability approach the abscissa as narrow ends (‘tongues’); the
pointsk, at which then-th region of instability is in contact with thie-axis can be evaluated from the equation
A=n% n=12,....Inthe casé — oo, these points and the boundaries of instability regions in their vicinity
were found in [8]. As the vibration frequency grows, i.e. as the Weber number increases, the, pshifsto

the shortwave region (as seen frdigures 2and 3) and in the limiting caséVe; — oo, they are displaced

to infinity. Thus, for high frequency vibrations the parametric instability can take place only for shortwave
disturbances; then, the viscosity cannot be ignored. For large values of the Weber number only the quasi-static
instability must be observed, with an excitation mechanism which is weakly sensitive to the viscosity.
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Figure 4. Boundary of primary instability region (inviscid case), for=2, Weq =1, H =2 > H, and Weq, = 0.25 < We;. Finite wavelength
instability is observed, in contrast figures 2and3.

4. 2D linear stability problem for viscous fluids

To simplify the presentation, we assume in this section that the two layers are of equaliheight = .
In addition, we non-dimensionalize the problem by using the scaling factor:

"=1/w, I*=h, u=aw, p* = pohaw?.
4.1. Problem formulation

The following dimensionless equations replace equations (2)—(8):

875

. T AWVIs = —RgV py + QAT — GoA™ 7 + k cost, (27)
divig =0, (28)
atz=-1. v,=0, (29)
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Figure 5. Boundary of primary instability region (inviscid case), {or=2, Wey =1:(a) H =2 > Hy, andWeq, =0.25< Wey; (b) H =5> H, and
Weq1, =0.028< Weq; () H=25> H, andWeq, = 0.005< Weq.

atz=1: 9,=0, (30)
atz=£(x,y, 00 [plni = (0 — Q00 )+ A7 Weytni divii, (31)
[v]=0, (32)
10¢& R N
-5 V)E = D -
e + (11V)E =01y, (33)
3 N 1 N
Va: / Bl-jdz+/ Bp- jdz=0. (34)
-1 3

Here and below, the quantity jump across the interface is denoted by square brackets, for Expamaple— p»,
and the following parameters are introduced:= ak 1, dimensionless amplitude?; = h%wv;* and Q, =
h%wvy5t, dimensionless frequencie€y = g/ (hw?); Weo = pohPw?/a, a new Weber numbeg = p1/p2, the
density ratio;R; =1/p andR, = 1.

So, the system of governing equations contains 7 dimensionless parametéls, Q,, Go, We,, p and
the wave numbet.
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4.2. Solution method

The system of equations (27)—(34) admits a solution of the form

V= Us(2)j explit) + C.C, (35)
Py=—GoA "Ry 'z + x(Sexp(it) + C.C), S =const (36)

The above solution corresponds to the plane-parallel unsteady counter flow which keeps the interface flat
(¢ =0) (to be compared with (16)—(18) in the inviscid case). The fundligtx) could be found analytically,

but its expression is too complicated, so it was determined numeriEagjlyte 6represents the velocity profiles

at four time instants: (a)=0, (b)r =xn/2, (c)t = m, (d) t = 37 /2. The direction of the flow changes every

half period of the external forcing. Note the thin boundary layers at both sides of the interface and near the
walls (figures 6(a)and6(c)).

For the reasons discussed in Section 3, we investigate the stability of the basic state (35), (36) with respect
to periodic (in time and space) 2D disturbances. If the vibration frequency is high enough, then thin boundary
layers occur at the interface (on both sides) and near the two horizontal walls, making the task of numerical
solution particularly complicated.

After linearizing near the solution (35) and (36), the Navier—Stokes equations for small disturbareces
pp are

] - - - - -
%-I—A(V/gV)uﬁ-I—A(uﬁV)Vﬁ:—RﬁVpﬁ-i-leAuﬁ, (37)
diviig =0. (38)
The boundary conditions for the system (37)—(38) becomes
atz=-1: u;=0, (39)
atz=1: =0, (40)
atz=0:  AH((1— p)Got + Wez A)n; + [pln;: = (Q1 00 — 2570 )y, (41)
B, oV
@=-| 5] (42)
0z
10 -

A ot
This is valid as long as the deformatigns small compared to the wavelength of the instability.

It is easy to see that the problem is uniform in thairection. This allows us to consider only normal
disturbances. The linear stability problem is now summarized as

dug . Vs : [ 92

W-FlkAVﬁMﬁ-Fw/gAa—Z=—lkRﬁpﬁ+QIBl<a—Z2—k2)Mﬁ, (44)
dwg . s 4 0?
7+lkAV/3w/3=—Rﬁa—z+9ﬂl<a—zz—k2)wﬁ, (45)
]

ikuﬂ+8l;:o, (46)
atz=-1: Uy =w = O, (47)
atz=1: Up = Wy = 0, (48)
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Figure 6. Velocity profile at four time instants (viscous case): (&) 0, (b)t = /2, (c)t ==, (d) t = 37 /2. Flow direction changes every half period
of the forcing vibration. Note thin boundary layers at both sides of the interface and near thefigialess(6(a)and6(c)).

9 9
atz=0: A% ((1—p)Go— We;k?) + [p] + 2(921% — o7l %) -0, (49)
Z Z
Qz . 8u1 32V1 . auz 82V2
22 o (ikwy + 2 e S ) ik, + 22 42 2, 50
le(’ Wit 812>+l Wat G T (50)
IV
[u] = - [—]s, (51)
0z
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[w] =0, (52)
1 3¢

——= 4+ ikViE =w1. 53
A8t+l 1§ =wy (53)

All fields could be expanded in time in Fourier series of the form

fsz.)= > fup(2)expiint) + C.C,

n=—0oo

wheren might be taken integer, as well as half-integer. By keeping only a finite humber of terms of the
expansion in both fluids, we get 2-point boundary value problems (BVP’s, coupled through the conditions
(49)—(53)), for the system of ordinary differential equations for the complex amplifwgés), u,z(z), w,s(z)

(note that, (z) may be eliminated from (49)—(53)). The coefficients in the equations dependtwrefore the
system could only be resolved numerically.

One important feature of the resulting ODE’s systems is that integer and half-integer harmonics are not
coupled (since the basic flow (35) introduce only a shifttdf for n in (44)—(53)). Thus, the corresponding
BVP’s can be solved independently. The solutions of the BVP’s involving integer harmonics have the same
period as that of the forcing vibration (harmonic, or synchronous case) and the solutions of the BVP’s involving
half-integer harmonics have a period twice as that of the forcing vibration (subharmonic, or asynchronous case).

BVP’s, in turn, allow the reduction to initial values problems (IVP’s). We focus our attention on the
synchronous case, since asynchronous solutions were not detected in the numerical investigation. The
numerical procedure is described in [13], so we give only a brief description.

Let N be the number of integer harmonics retained. In order to obtain the numerical solution to the problem
in the synchronous case, a system of #lrst order ODE'’s in each fluid has to be integratedd imes from
the wall to the interface (we use the routine LSODA from the collection of ODE solvers ODEPACK, based
on Adams predictor—corrector method [14,15]), each time with a different set of initial conditions. These
sets of initial conditions are chosen linearly independent. Some of the initial conditions, forming a particular
set, satisfy the no-slip conditions on rigid walls, the others are chosen in such a way to preserve the linear
independence of the set. Let us denote the vectors of the particular solutions obtained by the integration as
y®, i=1,2,...,2N. Then the general solution 5= C1y® + Coy®@ + ... 4+ Coyy?Y). The substitution of
y into interface conditions (49)—(53) results in a system of homogeneous algebraic equations for the unknown
coefficientsC;. The condition of the existence of a non-trivial solution to this syste® is 0, D being a
determinant.D is (as well) a function of the wavenumbkrand the dimensionless amplitude The value
A = A, at which D becomes zero (for fixed) is the critical value. So fov = 10 (which is sufficient in
most cases), the 40 ODE’s must be integratge 10) « 2 = 40 times to obtain the single value &f, for
fixed k and A. This procedure must be repeated several times tolget0 at A = A.. For solving the
algebraic equatio (A, k, other parameteys= 0, one can use a bisection technique or any other more efficient
solver.

The alternative methodology would be to provide a matrix formulation for the above linear stability problem
followed by numerical solution of the eigenvalue problem (within the framework of the Tau—Chebyshev
procedure, for example). The Tau—Chebyshev method is faster than direct integration of ODE’s, and yields
the entire spectra of neutral curves (for fixed values of dimensionless parameters) in a single program run,
while in our method each curve must be traced separately. The applicability of Tau—Chebyshev method to this
problem is now under investigation.
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5. Numerical results

The linear stability of the flat interface has been calculated using 21 basis fungtiansin both cases
(synchronous and asynchronous). Ten to twelve basis functions are enough to get sufficiently accurate
numerical results if the dimensionless frequency is not highg(250). The number of basis functions must
be increased if2 > 250. In addition, at high values ¢, the linear independence of the particular solutions is
lost in the integration process, resulting in an ill-conditioned coefficient matrix of the algebraic system. At the
preassigned mesh points, linear independence can be restored by means of Gram—-Schmidt orthogonalization.

In figure 7, in addition to the boundary of the Kelvin—Helmholtz type instability, we show the neutral stability
curves which divide thék, A)-plane into regions of stable solutions, and regions (tongues) of unstable solutions
(exponentially growing in time). The values of the nondimensional parameters &r8 G, = 0.16 and
We, = 6.25. Only synchronous solutions were detected. This situation is not unique (for review and discussion,
see [16]). The boundaries of the inviscid problem are plotted with solid lines, while the curves obtained
numerically for viscous fluids at different values of the dimensionless frequency Q, = 2, are plotted
with dashed lines (note th&; = 2, correspond t@; = v,). For the high values af (i.e. for small viscosity),

First resonant

-1 Kelvin-Helmbholtz type instability ‘.' '»\ region

of two counter nonstationary flows

Figure 7. Neutral stability diagranki—A (viscous case); fop =2, Gg = 0.16 andWe, = 6.25; for largeS2 (250, 360), i.e. small viscosity.
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the minimum of the numerical curve corresponding to the first region of the parametric instability approaches
the bottom of the inviscid tongudidure 7).

Inversely, as2 decreases (viscosity increases), this instability threshold (of the first region of parametric
instability) grows. Then, the boundary of the Kelvin—Helmholtz instability region unites with the boundary of
the first resonant zone (at sorfeevalue between 100 and 250), so that at sma&li¢here exists a single neutral
curve corresponding to each value @f This means that in the case of rather viscous fluids the difference
between the parametric and non-parametric instabilities vanifibas(8.

From figures 7and 8, we can conclude that viscosity has a weak influence on the Kelvin—Helmholtz
instability, but strongly damps the parametric instability associated with the excitation of capillary-gravity
waves.

Figures 9(a)and 9(b) represent the dependence of the instability threshold in the first resonant region,
k. and A., respectively, on the dimensionless frequeiizyAs the vibration frequency grows, the critical
amplitude decreases and the unstable tongue is displaced into the shortwave region (comfigueskta
and3), with a good agreement with the inviscid approximation.

5 7
7/
- © 25
A | / ce L 7 /
Kelvin-Helmholtz type instability / /
4 — of two counter nonstationary flows /" L0050
/ /
_ / /
/ L’ P
/ /
3 — / /\ ’ ’z’ 100

stable

Figure 8. Neutral stability diagrant—A (viscous case); same parameters afigiare 7, for small @ (25, 50, 100), i.e. large viscosity. Viscosity has a
weak influence on Kelvin—Helmholtz type instability but strongly damps the parametric instability. In the case of rather viscous fluids, treedifferen
between the parametric and non-parametric instabilities vanishes.
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2.2

2.0 —

50 60 70 80 90

Figure 9. Instability thresholdc. and A, as a function of2, in the first resonant region (viscous case); parameters are the sanf@gailT. (a) k.—2
diagram; (b)A.—2 diagram.
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